Abstract. It is known that there is a wide class of path-connected topological spaces X, which are not semilocally simply-connected but have a generalized universal covering, that is, a surjective map p :X → X which is characterized by the usual unique lifting criterion and the fact thatX is path-connected, locally path-connected and simply-connected.
Introduction and Preliminaries
We call a continuous function p :X → X, from a path-connected, locally pathconnected and simply-connected topological spaceX onto a topological space X, a generalized universal covering of X if for every path-connected and locally pathconnected topological space Z, for every continuous function g : (Z, z) → (X, x) with g # (π 1 (Z, z)) = 1, and for everyx inX with p(x) = x, there exists a unique continuous lift h : (Z, z) → (X,x) with p • h = g.
A generalized universal covering of X, if it exists, is uniquely determined by these properties. Its group of covering transformations Aut(X p → X) is isomorphic to π 1 (X, x 0 ) and it acts freely and transitively on every fiber p −1 ({x}) with x ∈ X. The main result of [3] is that for a wide class of path-connected spaces X, which are not necessarily semilocally simply-connected and not necessarily locally pathconnected, the generalized universal covering exists and can be built by the following standard construction: Fix a base point x 0 ∈ X and let P(X, x 0 ) denote the set of all continuous paths α : [0, 1] → X such that α(0) = x 0 . On P(X, x 0 ), consider the equivalence relation given by α ∼ β if and only if α(1) = β(1) and α is homotopic to β within X, relative to their common endpoints. Let The unique path lifting property of p :X → X makes it necessary for X to be homotopically Hausdorff: for every x ∈ X, the only element of π 1 (X, x) which can be represented by arbitrarily small loops is the trivial element.
If X happens to be locally path-connected, then p :X → X is open so that X/G is homeomorphic to X, where G = Aut(X p → X). (In case X is locally pathconnected and first countable, then the fact that a generalized universal covering of X must be an open map can already be deduced from the path lifting property.)
If X is locally path-connected and semilocally simply-connected, then the generalized universal covering agrees with the classical universal covering. However, while a generalized universal covering is, in particular, a Serre fibration with unique path lifting, it distinguishes itself from a classical covering most notably in that it need not be a Hurewicz fibration.
Spaces which allow for a generalized universal covering, constructed in this manner, include all path-connected 1-dimensional continua, all path-connected planar sets and certain trees of manifolds, including certain Coxeter group boundaries.
We refer the reader to [3] for more information on generalized universal coverings.
General Assumptions. Let (X, x 0 ) be a path-connected topological space such that p :X → X, as constructed above, is a generalized universal covering and let f : Y → X be a continuous map from a path-connected topological space Y .
Consider the pullback diagram
(Recall that f * X is uniquely characterized by its universal property: given any space Z and maps g :
The pullback has the following easily verified but important classical property: If p :X → X is a classical universal covering of X and ifỸ is a path-component of f * X , then f * p|Ỹ :Ỹ → Y is a classical covering, whereỸ is simply connected if and only if f # : π 1 (Y ) → π 1 (X) is injective; rendering the classical universal covering of a locally path-connected Y as a so-called "fibered product" [4] .
We thank Professor Kazuhiro Kawamura for the following inspiring question, whose answer, given in Theorem 4.3 below, enables the appropriate use of pullback constructions in applications of the generalized theory, such as that found in [2] .
Question. Given the general assumptions stated above and a path-componentỸ of f * X , when exactly is f * p|Ỹ :Ỹ → Y a generalized universal covering?
Of course, the following two facts are always true: Lemma 1.1. Any two path-components of f * X are homeomorphic and induce equivalent maps f * p|Ỹ :Ỹ → Y .
Proof. LetỸ 1 andỸ 2 be two path-components of f * X . Fix any (
The path-components of f * X are simply-connected if and only if
Proof. Fix any (y,x) ∈ f * X and letỸ be the path-component of f In order to distill the essence from the above question, we now consider an example in which the induced map f * p|Ỹ :Ỹ → Y differs from the generalized universal covering of Y , although f # : π 1 (Y ) → π 1 (X) is injective. As we shall see, local path-connectivity ofỸ is the sticking point.
An example
In this section we present two Peano continua (X, x 0 ) and Y along with a map f : Y → X such that p :X → X is a generalized universal covering, the induced homomorphism f # : π 1 (Y ) → π 1 (X) is injective, the generalized universal covering space of Y exists and is contractible, butỸ is not contractible. Consequently, f * p|Ỹ :Ỹ → Y is not a generalized universal covering.
Consider the Hawaiian Earring
, n ∈ N}, with base point b = (0, 0), and define subsets of "odd" and "even" rings of H by
for some k 0} and
for some k 1}, respectively.
, and let f : Y → X be inclusion.
Since the natural homomorphism π(X, x 0 ) →π 1 (X, x 0 ) to the firstČech homotopy group is injective, p :X → X is a generalized universal covering [3] . (Note that π 1 (Z, * ) →π 1 (Z, * ) is injective for every 1-dimensional continuum Z [1] and that (H, b) and (X, x 0 ) are pointed homotopy equivalent.)
We claim that f # :
, because identifying {b} × [0, 1] to a point induces an isomorphism of fundamental groups on every level of the canonical inverse sequences of approximating polyhedra for Y and H . Because ϕ is injective, the claim follows.) Since f is inclusion, f * X is the graph of p :X → X over Y . We may therefore take f
andf to be inclusion. Letx 0 ∈X be the equivalence class of the constant path at x 0 and letỸ be the path-component of
While the generalized universal covering of Y is an R-tree [3] and thus contractible, we now show thatỸ is not contractible.
Suppose, to the contrary, that there is a homotopy H :Ỹ × [0, 1] →Ỹ such that H(ỹ, 1) =ỹ and H(ỹ, 0) =x 0 for allỹ ∈Ỹ . If for a givenỹ ∈Ỹ we form the path α : ([0, 1], 0) → (Y, x 0 ) by α(t) = p • H(ỹ, t), then, due to the unique path lifting property of p :X → X, we haveỹ = H(ỹ,
, so that we can associate a natural word-length toỹ in this free product. By compactness of [0, 1], there is an open subset U of X with x 0 ∈ U such that ||p • H(x 0 , t) − p • H(ỹ, t)|| < 1 3 for allỹ ∈Ỹ ∩ B(x 0 , U ) and all t ∈ [0, 1]. Hence, there is a positive integer m such that for everyỹ ∈Ỹ ∩ B(x 0 , U ) with p(ỹ) = x 0 , the word-length ofỹ is less than or equal to m. For each k ∈ N, let l 2k+1 be a loop running once through the (2k + 1)-st odd loop in O × {0}, based at (b, 0), and let l 2k be a loop running once through the (2k)-th even loop in E × {1}, based at (b, 1). Also, define two paths u, d : [0, 1] → Y by u(t) = (b, (1 + t)/2) and d(t) = (b, (1 − t)/2) with their reversals u(t) = u(1 − t) andd(t) = d(1 − t), respectively. Choose > 0 sufficiently small so that {x ∈ X | ||x 0 − x|| < } ⊆ U and choose k ∈ N sufficiently large so that 
Gradual π 1 -injectivity
We now refine the notion of π 1 -injectivity appropriately. For y ∈ V ⊆ W ⊆ Y and f (V ) ⊆ U ⊆ X, consider the following commutative diagram of homotopy groups and sets, whose exact rows are induced by inclusions and restrictions, and whose vertical arrows are induced by f : (Y, V, y) → (X, U, f (y)) and inclusion i : (Y, V, y) → (Y, W, y).
Definition. We call the map f : Y → X gradually π 1 -injective if for every y ∈ Y and every open subset W of Y with y ∈ W there exist open subsets V and U of Y and X, respectively, with y ∈ V ⊆ W and f (V ) ⊆ U , such that the kernel of V, y) ), in the lower left square of diagram (3.1), then a quick diagram chase (not involving the top row) implies that the kernel of f # : π 1 (Y, V, y) → π 1 (X, U, f (y)) is trivial. 
Proof. Let a be an element of the kernel of f # : π 1 (Y, y) → π 1 (X, f (y)). Let W, V and U be as in the definition for gradually π 1 -injective. A diagram chase reveals that a is in the image of π 1 (W, y) → π 1 (Y, y). Since W can be chosen arbitrarily small and since Y is homotopically Hausdorff, a is trivial.
The main result
The chief difficulty in determining whether f * p|Ỹ :Ỹ → Y is a generalized universal covering lies in checking the local path-connectivity ofỸ . The next two lemmas characterize this property in terms of gradual π 1 -injectivity of f : Y → X. 
Replacing U with U ∩ U , if necessary, we may assume without loss of generality
We will show that every point ofỸ
. SinceỸ is path-connected, there is a path 
. By choice of V and U , there is a path h :
, it follows from the unique path lifting property of p :
Hence f • δ is homotopic to β and therefore also homotopic to f • γ in X, relative to their common endpoints. By Lemma 1.2, f # : π 1 (Y ) → π 1 (X) is injective so that we can conclude that δ is homotopic to γ in Y , relative to their common endpoints. Since δ lies in W , this places [γ] into the kernel of i # :
Here is the main result: 
